We analyze tight informationally complete measurements for arbitrarily large multipartite systems and study their configurations of entanglement. We demonstrate that tight measurements cannot be exclusively composed neither of fully separable nor maximally entangled states. We establish an upper bound on the maximal number of fully separable states allowed by tight measurements and investigate the distinguished case, in which every measurement operator carries the same amount of entanglement. Furthermore, we introduce the notion of nested tight measurements, i.e. multipartite tight informationally complete measurements such that every reduction to a certain number of parties induces a lower dimensional tight measurement, proving that they exist for any number of parties and internal levels.
I. INTRODUCTION
Information stored in physical systems can be retrieved by choosing a suitable set of measurements. In quantum mechanics this information can be obtained by considering positive operator valued measures (POVM), also known as generalized quantum measurements. By implementing a set of measurements over an ensemble of particles it is possible to tomographically reconstruct quantum states. The information gained from some special sets of measurements is enough to reconstruct any state of a quantum system. Such kind of measurements are called informationally complete (IC)-POVM and the process to reconstruct the state is called quantum state tomography. These general measurements have a fundamental importance in quantum information theory, as they find applications in quantum processes tomography [1] , quantum cryptography [2] and quantum fingerprinting [3] .
Among existing schemes of generalised quantum measurements one distinguishes a class called tight IC-POVM [4, 5] , having some remarkable properties: (i) they provide a simple tomographical reconstruction formula, (ii) they minimize the mean square error (MSE), i.e., minimal mean square Hilbert-Schmidt distance between the estimate and the true state under the presence of errors in state preparation and measurements [4] . Tight IC-POVM, that we also call tight measurement, are closely related to complex projective t-designs [6] for t ≥ 2. These measurements are optimal for quantum clonning [4] and have been widely used for theoretical [7] [8] [9] [10] [11] [12] [13] [14] and experimental [15] [16] [17] [18] applications in quantum information theory.
They have recently been applied in a protocol for teleportation of quantum entanglement over 143 km [19] .
Along this paper, we study tight measurements for multipartite quantum systems and reveal several aspects concerning amount of entanglement allowed by these configurations.
In particular, we shed some light onto the following basic question:
For what multipartite quantum systems one can find an isoentangled tight IC-POVM?
After the introductory Section II, we start Section III by showing that the answer to the above question is not trivial: a tight measurement cannot be composed by fully separable measurement operators. As a matter of fact, the answer depends on which measure of quantum resources we choose to compare two given quantum measurements. We will optimize quantum resources by considering (i) tight measurements composed by the maximal possible number of measurement operators that can be prepared by considering local operations and classical communication (LOCC), and (ii) isoentangled tight measurements, in the sense that all measurement operators can be defined through a single fiducial state and local unitary operations.
This work is organized as follows: In Section II, we recall the formal definition of tight measurements and study some basic properties. In Section III we study the distribution of entanglement in such quantum measurements and show that they cannot be composed exclusively neither of fully separable nor k-uniform states, i.e. pure states such that every reduction to k parties is maximally mixed. We also show that Symmetric IC (SIC)-POVM cannot be composed by grouping fully separable and k-uniform states for any N qudit systems and any k ≥ 1, establishing a remarkable difference with respect to the mutually unbiased bases (MUB), where we show that this is possible for every N qudit system and k = 1 only. In Section IV we introduce the notion of nested tight measurements and prove that they exist for any N -qudit system. In Section V, we present a summary of our main results and conclude the work. Appendix A contains a proof of propositions, whereas Appendix B shows a particular configuration of a two-qubit SIC-POVM containing five separable states, which is the maximal number we managed to find.
II. TIGHT MEASUREMENTS
In this section we review the concept of tight informationally complete-POVM and show some basic properties and examples. Let us start by recalling the definition of Positive Operator Valued Measure (POVM). A POVM is a set of m positive semidefinite operators Π j summing up to the identity. Along the work, we restrict our attention to subnormalized rank-one POVM, i.e., operators of the form
where
Here m denotes the number of outcomes of the POVM. Weighted frame potentials [20] can be used to quantify how far a given generalized measurement is from the set of complex projective t-designs. The weighted frame potential of order t of a given POVM {Π j } with m outcomes reads [4] :
where {ω j } j=1,...,m is a real and normalized weighted function, i.e. 0 ≤ ω j ≤ 1 and m j=1 ω j = 1. For the sake of simplicity, we are going to introduce tight measurements through the notion of weighted frame potentials. The following adopted definition is a simplification of Corollary 14 in Ref. [4] : DEFINITION 1. A set of m subnormalized rank-one projectors {Π j } acting on a Hilbert space of dimension D is called a tight IC-POVM if for t = 2 the weighted frame potential F t given in Eq.(2) saturates the following lower bound
Eq. (3) is also known as generalised Welch bound [21] . A set of vectors saturating Eq.(3) for a given t ≥ 2 defines a weighted complex projective t-design [4] . The factor (m/D) t appearing in Eq. (3) is due to the fact that the projectors (1) are subnormalized. Note that saturation of bound (3) for t = 1 occurs for any rank-one POVM, equivalently, complex projective 1-design or tight frame [22] . For instance, it is saturated by von Neumann projective measurements,
i.e. orthonormal bases, for which m = D.
A remarkable example of tight measurements is formed by Symmetric IC-POVM [8] , for which m = D 2 , the weight function reads ω i = 1/m for i = 1, . . . , m, and all projectors have the same pairwise overlap with respect to the Hilbert-Schmidt product. These configurations form a projective 2-design [23] , they exists in every dimension d ≤ 21 [8, [23] [24] [25] [26] [27] and some other dimensions up to 124 [27] . Furthermore, highly precise numerical solutions were obtained for every dimension d ≤ 151 [8, 23, [27] [28] [29] [30] and also d = 323 and d = 844 [27] .
Another highly interesting class of tight measurement is represented by maximal sets of mutually unbiased bases (MUB) [31] , for which m = D(D + 1) and the weight function reads ω i = 1/m for i = 1, . . . , m. These configurations form a projective 2-design in every dimension in which they exist [14] . Two orthonormal bases |φ i and |ψ j defined in dimension Indeed, the maximal number of MUBs in dimension D = 6 is still unknown, while SIC-POVMs are currently known to exist in a finite set of dimensions only. A remarkable property of tight measurements {Π j } is the fact that any D dimensional quantum state ρ can be decomposed [4] as follows:
where p j = Tr(ρΠ j ) is a normalized probability distribution that can be measured in the laboratory. Furthermore, a tight IC-POVM offers a high fidelity of state reconstruction under the presence of errors in state preparation and quantum measurements [4] .
Let us show that probability distribution {p j } from Eq.(4) satisfies a special constraint.
PROPOSITION 1.
Let {Π j } be a tight measurement acting on dimension D and having m outcomes. Then, the following relation holds,
Proof. Multiplying Eq. (4) by ρ and taking the trace at both sides we arrive at the desired result.
In particular, Proposition 1 holds for any maximal set of MUBs and SIC-POVMs. This proposition induces a sort of Bloch representation for any tight measurement. In particular, for a single-qubit system and maximal set of MUB measurements, three out of six probabilities are independent. By applying a suitable redefinition of these independent coordinates we obtain the standard Bloch representation of a one-qubit state.
One might be tempted to ask for the reason to restrict our attention to rank-one projective measurements, as multipartite states of an arbitrary rank represent the general case.
However, there is a much better understanding of multipartite entanglement for pure states, compared to multipartite mixed states. For instance, already for the two-qutrit system no general method to decide whether a given density matrix of order nine represents an entangled state is known [33] . On the other hand, in this work we take advantage of complex projective t-designs, which are defined for pure states and naturally induce rank-one tight informationally complete generalized quantum measurements [4] . A further research propose a generalization of complex projective t-designs to mixed quantum states [34] .
III. ENTANGLEMENT IN TIGHT MEASUREMENTS
In this section we study entanglement properties of multipartite tight measurements. We derive some general results that do not depend on global unitary transformations applied to the entire set of measurement operators. Let us start by showing a simple fact.
OBSERVATION 1.
An informationally complete set of measurements can be exclusively formed by local operators.
For instance, in the case of an N -qudit system, described by a Hilbert space of dimension
the fully separable eigenbases of the tensor product of d-dimensional generalized
Pauli group allows us to univocally determine any density matrix of size D. This way to reconstruct of quantum states is known as standard quantum tomography, and it is highly costly because the number of projective measurements scales as
systems [35] . On the other hand, let us show that a tight measurement cannot be constructed out of local operators.
PROPOSITION 2.
A tight measurement cannot be exclusively formed by local operators.
Proof. Suppose that {Π j } is a bipartite tight IC-POVM such that Π j = Π 
Let us consider the separable state ρ = ρ A ⊗ I D B and the identities
Identity (8) 
From here we find a contradiction, as the reduced measurement {Π Tensor product of tight measurements defines an informationally complete set of measurements, but not a tight one. For instance, the set of N partite measurements composed by product of monopartite SIC-POVM is informationally complete and optimal among all product measurements [36] . However, the fact that the resulting multipartite measurement is not tight has important consequences: robustness of fidelity reconstruction under the presence of measurement errors decreases exponentially with the number of parties, with respect to the tight SIC-POVM [36] .
In Section IV, we show that some products of tight measurements can be complemented with POVM composed of maximally entangled states in such a way that the entire set forms a tight measurement.
Let us now consider further classes of multipartite entangled states. A multipartite pure quantum state is called k-uniform if every reduction to k parties is maximally mixed [37, 38] .
Let us present the following result. for N = 4 and k = 2 we have
A tight measurement is a 2-design, which implies that the average purity of reductions over a tight measurement coincides with average purity over the entire set of quantum states, according to the Haar measure distribution. That is,
where Tr(σ
for every reduction to k parties X i . In the particular case of maximal sets of MUB for bipartite systems this expression reduces to Eqs. (3) (4) (5) in Ref. [40] . From Eq. (11), we see that the average purity of reductions of a tight measurement behaves asymptotically as
This statement holds if either the number of levels d or the number of parties N is large, for any k ≤ N/2. Therefore, projectors σ j forming a tight measurement asymptotically become close to absolutely maximally entangled (AME) states in large Hilbert spaces. We recall that AME states for N qudit systems are k-uniform states for the maximal possible value k = N/2 [42] . For instance, the two-qudit generalized Bell states and three-qubit GHZ states belong to this class.
Despite the asymptotic behavior described above it is always possible to apply a rigid rotation to a tight IC-POVM in such a way that some measurement operators become fully separable, i.e. they form local measurements. An interesting question concerns establishing how many of the measurement operators can be chosen to be fully separable. From Eq. (11) we can estimate this maximal possible number m sep of fully separable operators, i.e. those satisfying the constraint Tr(ρ 
This inequality is saturated if and only if the remaining m − m sep states are k-uniform, for a given k ≥ 1.
Proof. Consider Eq. (11), where m sep reductions are pure states and m − m sep reductions are maximally mixed for every possible subset X i consisting of k out of N parties. Therefore
From here we obtain Eq. (13) 
Proof. Consider Eq. (13) from Proposition 4 and the maximal possible value for k = N/2.
In general, this assumption is an overestimation (e.g. for N = 4 and d = 2 the value k = 2 is not possible [43] ).
The only examples saturating the value d = d max established by Corollary 2 is achieved by the two-qudit MUB for prime power values of d, as far as we know.
Let us now consider an implication for SIC-POVMs. Before ending this section, let us emphasise that isoentangled tight measurement exist for multipartite systems. The most remarkable example is provided by the so-called Hoggar lines [44] , a special kind of SIC-POVM existing for three-qubit systems. They are given by the following 64 states: 
A symmetric fiducial state equivalent to |φ (2) 000 was already noted by Jedwab and Wiebe [46] . Symmetric fiducial state for Hoggar lines is unique up to unitary or anti-unitary transformations. However, from the point of view of quantum information theory, fiducial states |φ (1) 000 and |φ (2) 000 are essentially different, as they have different values of the threetangle τ ABC , a three-qubit entanglement invariant [47] . These values are given by τ We observe that the same result cannot be generalized to multipartite systems.
PROPOSITION 5.
For three-partite systems, the average purity of any single particle reductions of a tight measurement is not uniquly determined by the dimension of the Hilbert space D and the dimension of the reduction.
In other words, the law of Lubkin formulated in [39] for bipartite systems (see Eq. (11)) cannot be generalized in the above sense to three-partite systems. However, it is worth to mention that the Lubkin's law applies to any bipartition of a multipartite system. 
IV. NESTED TIGHT MEASUREMENTS
In Section III, we have shown that tight measurements cannot be exclusively composed neither of fully separable nor of k-uniform states. Here, we study the possibility to construct tight measurements composed by grouping fully separable and k-uniform states. Let us start
by showing the following result. Let us define the main ingredient of this section.
DEFINITION 2.
A nested tight measurement of degree k is a tight measurement such that every set of reductions to k parties defines a tight measurement.
In order to illustrate nested tight IC-POVM of degree k = 1 let us consider a maximal set of 5 MUB for two-qubit systems, given by the columns of the following unitary matrices [48] :
where the upper bar denotes negative sign and a normalization factor 1/2 has to be applied to every vector. The remaining unbiased basis is the computational basis B 0 = I 4 . Note that B 0 , B 1 and B 2 are separable bases, whereas B 3 and B 4 are maximally entangled bases.
Both Alice and Bob reductions of the three separable bases yield a maximal set of 3 MUB for the single qubit system, whereas the remaining reductions are maximally mixed.
Following the main result of Ref. [41] , we have the following observation. To conclude the section, let us mention that Figure 1 summarizes the most important results of the paper. Namely, we show how robustness of informational completeness changes as a function of average entropy of single-particle reductions. Here, robustness of informational completeness is characterized by the maximal tolerance of noise under which a set of noisy measurements is able to efficiently reconstruct any quantum state [4, 36] . Furthermore, the averaged entropy of a single-particle reduced density matrix quantifies the entanglement of the analyzed multipartite pure quantum state.
V. CONCLUDING REMARKS
We studied entanglement configurations allowed by tight informationally complete quantum measurements having any number of outcomes for arbitrary large multipartite quantum systems. These informationally complete measurements, MUB and SIC-POVM in particular, have the advantage to maximize the robustness of fidelity reconstruction under the presence of errors in both state preparation and measurement stages. We focused our study on the existence of tight measurements having not only the highest possible robustness but also allowing the simplest possible implementation, in the sense of minimizing the physical resources required to implement the measurements in the laboratory. We have shown that tight quantum measurements cannot be exclusively composed neither of fully separable nor of k-uniform states, for any k ≥ 1 (see Propositions 2 and 3). In particular, the result holds for multipartite GHZ qudit states (k = 1) and absolutely maximally entangled states
Average entropy of single-particle reductions 
Also, for the identity operator we have
Another important detail to be taken into account is the suitable expression for probabilites.
In order to simplify expressions we assume that ρ =ρ ⊗ I/d N −k . This assumption can be done without loss of generality, asρ is an arbitrary density matrix acting on the subset of k parties X i . Therefore, probabilities associated to separable projectors Π s j can be written as:
where we assumed the decomposition Π (i) Taking into account all the ingredients described above we are now in position to apply partial trace to Eq.(4) with respect to the subset of k parties X i , thus obtaining
From comparing Eqs. (4) and (A6) we obtain the following restrictions on the parameters: The smallest weighted frame potential F 2 achieved by the above solution is 25.600034, where 25.6 is the value of the Welch bound (3). As a further numerical study, in Table I we show that tight measurement seem to exist for any number of vectors m ≥ 16, where m = 16
correspond to the minimal possible number of outcomes (SIC-POVM).
